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Let Bm be the mth Bernoulli number in the even suffix notation and let
q(a, n)=(aj(n)−1)/n be the Fermat–Euler quotient, where a, n \ 2 are relatively
prime positive integers and j is the Euler totient function. The main purpose of
this paper is to devise a certain congruence involving the Bernoulli number and
Fermat–Euler quotient, which leads to several important arithmetic properties of
Bernoulli numbers. © 2002 Elsevier Science (USA)
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1. INTRODUCTION
Let p be a prime and Bm be the mth Bernoulli number in the even suffix
notation defined by the recurrence relation
C
m+1
i=1
1m+1
i
2 Bm+1−i=0 (m \ 1), B0=1.
Thus, we have B0=1, B1=−1/2, B2=1/6, B3=0, and so on. It is easy to
show that (−1) i−1B2i > 0 and B2i+1=0 for i \ 1. The von Staudt–Clausen
theorem asserts that Bm ¥ Zp (the ring of p-adic integers) if p−1 hm, and
pBm — −1 (mod p) if p−1 |m. Furthermore, it is known that Bm/m ¥ Zp if
p−1 hm.
For relatively prime positive integers a and n \ 2, let q(a, n) be the Euler
quotient of n with base a, i.e., q(a, n)=(aj(n)−1)/n, where j is the Euler
totient function. It is obvious that q(a, n) ¥ Z (the ring of integers) by
Euler’s theorem. In the simplest case in which n=p is a prime,
qp(a)=q(a, p) is the familiar Fermat quotient. For general and special
properties of these quotients, see [3, 4].
In what follows, we denote by [x] the greatest integer [ x for a real x.
The main purpose of this paper is to prove the following theorem in
Section 2.
Theorem. Let p \ 5 and m \ 2 be an even integer with p−1 hm. Then
for an integer e \ 1 and a primitive root r of pe we have
(1−pm−1)
Bm
m
—
rm
rm−1
q(r, pe)− C
j(pe)
i=1
r (m−1) i 5 r i
pe
6 (mod pe). (1.1)
Congruence (1.1), as well as the famous Voronoı¨ congruence, leads to
several important arithmetic properties of Bernoulli numbers. In Section 3,
applying (1.1) we shall discuss some topics related to Bernoulli numbers in
order to illustrate its effectiveness.
2. PROOF OF THE THEOREM
Before proving the Theorem, we make some necessary preparations on
Bernoulli numbers.
It is known that for positive integers m and n \ 2,
C
n
k=1
(k, n)=1
km=C
m+1
i=1
1
i
1 m
i−1
2 n iD
p|n
(1−pm−i) Bm+1−i (cf. [2, (3.1)]),
where the product is taken over all prime divisors p of n. In particular, we
now consider the case n=pe(e \ 1), that is,
C
pe
k=1
(k, p)=1
km=C
m+1
i=1
1
i
1 m
i−1
2 pei(1−pm−i) Bm+1−i. (2.1)
Suppose that m \ 2 is even and p \ 5, and put for simplicity
Mi=
1
i
1 m
i−1
2 pei(1−pm−i) Bm+1−i, i=1, 2, ..., m+1.
We will show that Mi — 0 (mod p2e) for i \ 2. When m=2, this assertion
obviously follows, because M2=0 and M3=(1/3) p3e(1−1/p) — 0
(mod p2e). So assume that m \ 4. Clearly, we see Mm=0. If 2 [ i [ m−2
and i is even, then Mi=0 because m+1−i \ 3 is odd and hence
Bm+1−i=0. So it suffices to consider the case i=2k+1(1 [ k [ m/2). Let
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Dm > 0 be the denominator of Bm. If 2 [ k < m/2, then ordp(Dm−2k) ¥
{0, 1} and p (2k−3) e \ 5 (2k−3) e \ (2k+1) e \ 2k+1, hence ordp(M2k+1) \
−(2k−3) e+(2k+1) e−1=4e−1 \ 3e, which of course impliesM2k+1 — 0
(mod p2e) for all k \ 2. For the case k=1, since m \ 4 and (p, 6)=1, we
know M3=(1/3)(
m
2) p
3eBm−2 — 0 (mod p2e). Consequently, we may con-
clude thatMi — 0 (mod p2e) for all i=2, 3, ..., m+1. Therefore, from (2.1)
C
pe
k=1
(k, p)=1
km — pe(1−pm−1) Bm (mod p2e) (2.2)
for m \ 2 even and p \ 5.
We are now able to give the proof of the Theorem:
Proof. Given a primitive root r of pe, let ri be the least positive residue
of r i(1 [ i [ j(pe)) modulo pe, that is,
r i=ri+5 r ipe6 pe, 0 < ri < pe. (2.3)
Then we get for any integer m \ 1,
(r i)m=1 ri+5 r ipe6 pe2m — rmi +mrm−1i 5 r
i
pe
6 pe (mod p2e).
Summing over i=1, 2, ..., j(pe),
C
j(pe)
i=1
r im — C
j(pe)
i=1
rmi +mp
e C
j(pe)
i=1
rm−1i 5 r ipe6 (mod p2e). (2.4)
We will now compute each term individually on both sides of (2.4). In
general, if a and n \ 2 are relatively prime positive integers and s \ 1 is any
integer, then by Euler’s theorem
a sj(n)−1=(aj(n)−1+1) s−1=C
s
i=1
1 s
i
2(aj(n)−1) i
— snq(a, n) (mod n2).
Therefore, the left-hand side of (2.4) becomes, if p−1 hm,
C
j(pe)
i=1
r im=
rm(rmj(p
e)−1)
rm−1
— mpe
rm
rm−1
q(r, pe) (mod p2e). (2.5)
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Since {r1, r2, ..., rj(pe)} ={k ¥ Z | 1 [ k [ pe and (k, p)=1}, we obtain from
(2.2) that if m \ 2 is even and p−1 hm, then
C
j(pe)
i=1
rmi= C
pe
k=1
(k, p)=1
km — pe(1−pm−1) Bm (mod p2e). (2.6)
Also, since rm−1i — r i(m−1) (mod pe),
C
j(pe)
i=1
rm−1i 5 r ipe6 — C
j(pe)
i=1
r i(m−1)5 r i
pe
6 (mod pe). (2.7)
Consequently, using (2.5), (2.6), and (2.7) we can deduce (1.1) from (2.4),
which completes the proof of the theorem. L
3. SOME APPLICATIONS OF (1.1)
In this section, applying congruence (1.1) in the Theorem we shall discuss
some topics related to Bernoulli numbers. Note beforehand that some of
the results stated below are already known, but all the proofs appear to be
simpler and shorter than the known proofs.
First, we would like to state the well-known Kummer congruence which
is closely related to the construction of p-adic L-function (see, e.g., [12,
Chap. 5]).
Proposition 3.1. Let m, n \ 2 be even and p−1 hm. If m — n (mod
j(pe)), then
(1−pm−1)
Bm
m
— (1−pn−1)
Bn
n
(mod pe).
Proof. Since p−1 hm and rm — rn (mod pe), the proposition clearly
follows from (1.1). L
We shall not give a proof, but it is possible to derive a more general
congruence. For instance, if p−1 hm, then it follows that for any integer
s \ 1,
C
s
i=0
(−1) i1 s
i
2(1−pm−1+ij(pe)) Bm+ij(pe)
m+ij(pe)
— 0 (mod p se) (cf. [1]).
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Let p — 3 (mod 4) and h(−p) be the class number of the imaginary
quadratic field Q(`−p ) over the rationals Q. By Dirichlet’s class number
formula, h(−p) can be expressed as
h(−p)=−
1
p
C
p−1
i=1
1 i
p
2 i, (3.1)
where (i/p) is the Legendre symbol.
The following beautiful formula was first considered in 1840 by Cauchy
(in equivalent form) and proved again by Friedmann and Tamarkine [6]
(see also a proof in Johnson [8]). We want to give here another simple
proof using (1.1).
Proposition 3.2. Let p — 3 (mod 4). Then
h(−p) — −2B(p+1)/2 (mod p).
Proof. Let e=1 and take m=(p+1)/2 in (1.1). Since r (p−1)/2 —
−1 (mod p), we know r (p+1)/2 — −r (mod p), so that
B(p+1)/2
(p+1)/2
—
r
r+1
qp(r)− C
p−1
i=1
(−1) i 5r i
p
6 (mod p). (3.2)
Also, from (2.3) with e=1
r
r+1
qp(r)=
1
p
·
rp−r
r+1
=
1
p
C
p−1
i=1
(−1) ir i=
1
p
C
p−1
i=1
(−1) iri+C
p−1
i=1
(−1) i 5r i
p
6 .
Substituting this into (3.2), we obtain, since (ri/p)=(−1) i,
2B(p+1)/2 —
1
p
C
p−1
i=1
(−1) iri —
1
p
C
p−1
i=1
1 ri
p
2ri (mod p),
which proves the result by (3.1), since {r1, r2, ..., rp−1}={1, 2, ..., p−1}. L
Next, let p — 1 (mod 4), h(p) be the class number of the real quadratic
field Q(`p ) and e=(t+u`p )/2 > 1 be the fundamental unit of
Q(`p ). A relation between h(p) and e can be described by Dirichlet’s
formula,
h(p)=
`p
2 log e
L(1, q),
where L(s, q) is the L-function attached to the Dirichlet character q of
conductor p (i.e., the Legendre symbol in this case).
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The following remarkable congruence was discovered by Kiselev [9],
and also independently, by Ankeny et al. [5] (for a lucid proof see
Washington [12, pp. 81–82]):
u
t
h(p) — B(p−1)/2 (mod p). (3.3)
Here is the famous conjecture by Ankeny et al. They conjectured that
p h u which, by (3.3), is equivalent to B(p−1)/2 – 0 (mod p) because h(p) [
[`p/2] (cf. [10, Theorem-(a)]) and hence p h h(p). In spite of various
efforts by many mathematicians, this conjecture is still not settled. This is
an extremely deep and difficult problem in connection with the distribution
of quadratic residues and non-residues modulo p.
In the next proposition, we will derive certain congruences involving
B(p−1)/2 which give some equivalent conditions to p | u (or p h u).
Proposition 3.3. Let p — 1 (mod 4). Then
1
2
qp(r)+2B(p−1)/2 — C
p−1
i=1
(−1) i
r i
5r i
p
6 (mod p),(i)
2B(p−1)/2 —
1
p
(D a+D b) (mod p),(ii)
B(p−1)/2 —
1
p
(D a+1)−Wp (mod p),(iii)
B(p−1)/2 —
1
p
(D b−1)+Wp (mod p),(iv)
where< a and< b are the products of quadratic residues a and non-residues
b modulo p, respectively, in the interval [1, p−1] and Wp={(p−1)!+1}/p
is the Wilson quotient of p.
Proof. (i) Take e=1 and m=(p−1)/2 in (1.1). Then, since
r ((p−1)/2−1) i — (−r)−i — (−1) i r−i (mod p) for each i, we have
B(p−1)/2
(p−1)/2
—
1
2
qp(r)− C
p−1
i=1
(−1) i
r i
5r i
p
6 (mod p),
which shows (i).
(ii) Noting that r2+4+·· ·+(p−1)=r(p
2−1)/4 — −1 (mod p) and r1+3+·· ·+(p−2)
=r (p−1)
2/4 — 1 (mod p) for p — 1 (mod 4), it follows from (2.3) that
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D a=D
p−1
i=1
i even
ri=D
p−1
i=1
i even
1 r i− 5r i
p
6 p2 — r (p2−1)/4+pXp (mod p2),
D b=D
p−1
i=1
i odd
ri=D
p−1
i=1
i odd
1 r i− 5r i
p
6 p2 — r (p−1)2/4−pYp (mod p2),
(3.4)
where
Xp= C
p−1
i=1
i even
1
r i
5r i
p
6 and Yp=Cp−1
i=1
i odd
1
r i
5r i
p
6 .
We see from (i) that
Xp−Yp —
1
2
qp(r)+2B(p−1)/2 (mod p).
Also, since r(p−1)/2=p−1, we have
rp−1=(r(p−1)/2)2=1p−1+5r (p−1)/2
p
6 p22
— (p−1)2+2(p−1)5r (p−1)/2
p
6 p
— 1−2p−2p 5r (p−1)/2
p
6 (mod p2),
which yields
1
2
qp(r) — −1 5r (p−1)/2p 6+12 (mod p). (3.5)
Using (2.3) again we have
r (p
2−1)/4=1p−1+5r (p−1)/2
p
6 p2 (p+1)/2
— (p−1) (p+1)/2+
(p+1)(p−1) (p−1)/2
2
5r (p−1)/2
p
6 p
— −1+
p
2
+
p
2
5r (p−1)/2
p
6 (mod p2)
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and similarly
r (p−1)
2/4=1p−1+5r (p−1)/2
p
6 p2 (p−1)/2
— (p−1) (p−1)/2+
(p−1) (p−1)/2
2
5r (p−1)/2
p
6 p
— 1+
p
2
+
p
2
5r (p−1)/2
p
6 (mod p2),
so that from(3.5)
r (p
2−1)/4+r(p−1)
2/4 — p+p 5r (p−1)/2
p
6 — −p
2
qp(r) (mod p2),
r (p
2−1)/4−r (p−1)
2/4 — −2 (mod p2).
(3.6)
Since Xp−Yp equals the right-hand side of (i), we get from (3.5) and (3.6)
D a+D b — r (p2−1)/4+r(p−1)2/4+p(Xp−Yp)
— −
p
2
qp(r)+p 112 qp(r)+2B(p−1)/2 2
— 2pB(p−1)/2 (mod p2),
which proves (ii) by dividing both sides by p.
(iii) It is known that Wp —Xp+Yp (mod p) (cf. [3, Proposition 3.11]),
hence from (3.4) and (3.6)
D a−D b — r (p2−1)/4−r (p−1)2/4+p(Xp+Yp) (mod p2)
— −2+pWp (mod p2).
Combining this with (i), we obtain (iii).
(iv) Formula (iv) obviously follows from (ii) and (iii). L
We note that the above products < a and < b were studied by Nielsen
[11, Chap.20] and it was shown to be < a — −1 (mod p) and thus
< b — 1 (mod p) if p — 1 (mod 4) (see also Fröberg [7]).
Finally, we would like to mention some special formulas involving the
two Bernoulli numbers Bm, Bm+(p−1)/2, and the Fermat quotient qp(r).
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Proposition 3.4. Let p — 1 (mod 4), m \ 2 be even, and p−1 h 2m.
Then
Bm
m
+
Bm+(p−1)/2
m+(p−1)/2
—
2r2m
r2m−1
qp(r)−2 C
p−1
i=1
i even
r (m−1) i5r i
p
6 (mod p),
Bm
m
−
Bm+(p−1)/2
m+(p−1)/2
—
2rm
r2m−1
qp(r)−2 C
p−1
i=1
i odd
r (m−1) i5r i
p
6 (mod p).
Proof. The formulas are immediate from (1.1). L
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